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Abstract. A dimer model with competing interactions and ground state frustration is defined
on the 4-8 lattice and the exact solution is obtained for the specific heat and densities of
dimers. The model contains an energy parameter r, so phase transitions appear as lines in
the (7, r) phase diagram. Two distinct kinds of striped incommensurate phase appear,

separated from two commensurate and two disordered phases by a K-type transition line,
and separated from each other by an O-type transition line. The phase diagram contains
a novel OK multicritical point where a K-type transition line crosses an O-type transition
line. The asymptotic scaling form at the OK multicritical point is the first member of a
new class of scaling forms distinct from the two classes that encompassed all previous
exact solutions of dimer models. The 4-8/4/1 model corresponds to the F-model at one
temperature in a new kind of field.

1. Introduction

Exact and rigorous statistical mechanical solutions to specific models play a central
role in the theory of phase transitions by providing data against which general theories
are tested. Historically, the solution of the two-dimensional Ising model revealed that
the variety of critical phenomena exceeds the limits prescribed by the classical theories.
Exactly solved models even more artificial than the Ising model, such as the spherical
model or the Gaussian model, have found enduring positions in the theory of phase
transitions and critical phenomena. In this paper another datum is added to the still
modestly small, but vigorously growing (Baxter 1982, Andrews et al 1984) set of exact
solutions.

The starting point for the model (called the 4-8/4/1 model) solved in this paper
resides in the field of adsorbed diatomic molecules on surfaces, otherwise known as
dimer models. Such models have a number of other applications and they have enough
history to have been the subject of a recent review (Nagle et a/ 1989). This might be
considered to be an inauspicious starting point for new critical behaviour because all
previous solutions of two-dimensional dimer models have yielded just two types of
critical behaviour. The first O-type of transition is characterized by a symmetric
logarithmic singularity in the specific heat, first obtained by Onsager {1944) for the
two-dimensional Ising model. The second K-type of transition is characterized by a
highly asymmetric transition with a square root divergence (a =3) on one side only.
This kind of transition, first obtained by Kasteleyn (1963) for a very simple dimer
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model on an anisotropic lattice, is closely related to striped commensurate-incom-
mensurate, Pokrovsky-Talapov (1979) transitions.

Previous solved dimer models (Bhattacharjee 1984, Nagle and Yokoi 1987, Nagle
ei al 1989, Wu and Lin 1975) have exhibited both types of transitions as values of the
model energy parameters are changed, with interesting crossover behaviour, but no
model exhibited both types of transition as a function of temperature for a fixed value
of the model parameters. The 4-8/4/1 model in this paper has this new property.

The 4-8/4/1 model will be explained in some detail in section 2 and the phase
diagram will be derived in section 3. However, it is advantageous now to preview the
phase diagram, shown in figure 1. The model has two energy intervals, £ and §, to
yield a one-parameter, r=8/¢, family. For 1<r<2, the model undergoes, as T is
increased from 0, a K-type transition from an anisotropic phase C1 to a striped
incommensurate phase 11 followed by a reversed K-type transition to a disordered
phase D1. For 2 < r < rpe=2.279 898 . . . the model undergoes five transitions, including
an extra pair of K-type transitions due to the re-entry of the C1 phase. What is new
is the appearance of an O-type line of transitions for r> 2. Although the appearance
of O-type transitions and K-type transitions had not been unexpected, what was
unexpected is the crossing of an O-line with a K-line, which occurs at ro=
3.296 086 . ... This crossing will be called an OK multicritical point. 1t will be analysed
in detail in section 5. As a result of the OK multicritical point, the sequence of thermal
events for rre <r<rgok follows a substantially different course than for r> rox. For
r> roy there is a reversed K-type transition from the incommensurate 12 phase into
the D2 disordered phase, which then undergoes a final O-type transition into the most
disordered D1 phase. In contrast, for rpg<<r<\rgg the final transition into the D1
phase is a reversed K-type transition and the O-type transition separates the incom-
mensurate [2 phase from the incommensurate 11 phase. The distinction between the
11 and 12 phases will be completely characterized in section 4. In section 6 a correspon-
dence between the dimer model and the F-model in a new kind of 4-sublattice or
quarter field Q shows additional richness in the F-model. In turn, the correspondence
identifies the O-line of transitions as the outgrowth of F-mode! criticality in zero
staggered field S.

4-8/4/1 Phase Diagram

4 T T T

E — K-transitions p
- O-trangitions / i

Figure 1. The phase diagram for the 4-8/4/1 dimer model. Transition temperatures are
shown as a function of the ratio r of the two energies in the model.
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2. 4-8/4/1 Model, ground states and basic excitations

Figure 2 shows the unit cell for the 4-8/4/1 model. The underlying lattice is the 4-8
lattice. Each allowed microstate of the model consists of dimers placed on the bonds
of the lattice such that each vertex is covered by one and only one dimer. In addition,
dimers on different bonds have different energies and activities. Each dimer on a bond
labelled z in figure 2 has energy ¢ and activity z=exp(—&/kT); each dimer on a bond
labelled w has energy 6 and activity w=exp(—8/kT);, and each dimer on a
bond labelled 1 has zero energy and activity 1. The ‘Hamiltonian’ for the model is
given by its classical energy for each allowed microstate,

E=ne+n,8 (n

where n, and n,, are the numbers of dimers on z and w bonds, respectively. The
partition function is
Z= ¥ zw™ (2)
microstates
In this paper the energies £ and & will be positive, so the model is frustrated in the
sense that at most half the dimers in a microstate can have zero energy and at most
half the low energy bonds may be occupied by dimers,

The 4-8/4/1 model has competing interactions as shown by the presence of three
different kinds of ground states that appear as r is varied. Figure 3 shows the ground
state for r>>2; this ground state occurs at T =0 in the C2 phase in figure 1. One of
the ground states that occurs at T=0 in the C1 phase in figure 1 (2> r> 1) is shown
in figure 4. The C1 ground states have a degeneracy factor W =4 for each unit cell;
this comes about because the two dimers on each C and D square in figure 4 can be
on either the vertical or the horizontal edges. The D1 phase ground states (r<1 in
figure 1) are shown in figure 5; they carry a degeneracy factor W =16 for each unit
cell. The T =0 boundaries of the D, C1 and C2 phases shown in figure 1 can be simply
obtained by comparing the energies of the ground states. Also, the slopes of the phase
lines at T=0 can be simply obtained by a Clausius-Clapeyron argument where
AE =TAS to first order in T. For example, for the D1 to C1 transition near T =0,
one has 2(r—1)=(kT/e)In4, so the slope of the phase line is dT/dr=¢/{kIn 2).
These simple resuits provide checks on the exact calculation in the next section.

Figure 2. 4-8/4/1 model. The 4-8 lattice is shown by solid lines and the unit cell area is
shown by dashed lines. Each bond is labelled with the activity, 1, z or w, of a dimer on
that bond. For convenience in later figures, the corner of ¢ach square marked by an open
circle identifies the vertex where the two bonds with activity 1 meet.
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Figure 3. The unique C2 ground state for r> 2 is shown by the solid black dimers located
on some of the z and 1 bonds. This ground state energy is 6 per unit cell. Perturbations
are indicated by grey dimers that alternate with black ground state dimers. To effect the
perturbation, those black dimers that alternate with the grey dimers are shifted to the grey
positions. The perturbation on the left side of the figure is a localized perturbation around
an elementary octagon with energy increase 38 —4¢s. The perturbation on the right side of
the figure is a BC wall with energy increase § —2e per unit cell traversed.

Figure 4. A C1 ground state for 1< r <2 is shown by the solid black dimers. Per unit cell
the ground state energy is 28+2¢ and the degeneracy is W =4, Perturbations are as
described in figure 3. The local perturbation on the left increases E by 4¢ and the AB wall
on the right increases E by 26 —2¢ per unit cell traversed.

Figures 3-5 also show some elementary perturbations from the ground states. These
perturbations are conveniently classified as local perturbations and walls. The basic
local perturbations consist of cyclic shifts of dimers around squares, as shown in figure
5, or around octagons, as shown in figures 3-5. By stringing together sequences of the
basic local perturbations, larger perturbations can be made. The basic types of wall
perturbations consist of AB walls, shown in figure 4, CD walls {not shown) or BC
walls, shown in figure 3; DA walls are symmetrically equivalent to BC walls. Stringing
local perturbations together with a wall may cause the wall to wander in the horizontal
direction. The possibility of wandering walls suggests that a K-type transition from
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Figure 5. A D1 ground state for r<<1 is shown by the solid black dimers. Per unit ceil the
ground state energy is 48 and the degeneracy is W = 16. Perturbations are as described in
figure 3. The perturbations around the four squares, A, B, C and D on the left of the figure
cost no enetgy and show the 16 fold degeneracy per unit cell in the ground state, The two
local perturbations on the right around the two fundamental octagons increase E by 4¢ — 33
and 4¢ — 8, respectively.

the anisotropic C1 and C2 phases into a striped incommensurate phase may take place
as T is increased. Unlike the simple K-model of Kasteleyn (1963) the presence of local
perturbations means that the model is not frozen into a simple ground state in the
commensurate phases. This makes it much harder to predict the K-type transition
temperature. it is therefore appropriate now to turn to the exact solution.

3, Exact solution

The Pfaffian method of obtaining exact solutions to two-dimensional dimer models
has been amply reviewed (Montroli 1964, McCoy and Wu 1973, Nagle et al 1989).
The solution takes ihe foliowing form for the log of the partiiion funciion per unit celi:

1 21 2w
f:%lnz=ﬁ’|'0 dé?J-0 de¢ In det M(u, v, w, z) (3)

where M is the 16 X 16 bond matrix of Kasteleyn (1963) and u =exp(i8) and v = exp(ig).
We find det M =|det M,|> where M, is an 8 x 8 sub-block of M and

det M, (1,0, w,2)=ay—a,v~a_ v '+ a(v*+o  —u—u"") (4)
where

ag =2+ 4w’z + 4wz + 16w*

a., =2wz®+4aw'z’ + 4wz’

4
a, = w?z?,
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It is illuminating to highlight the locations of the zeros of det M,(x, v, w, z) because
these locations indicate the nature of the phases and their crossing of the unit circle
in the complex v-plane locates the phase transition lines. Let us write

det My (v) = (v — v,)(v — 02)(0 ~ 13} (0 — 1)/ ¥* (5)
where

013 Vs> 03> Uy

vi=u(0,w,z)

The interesting zeros are v, and v; which cross or touch the unit circle as a function
of 8, w, z. Figure 6 shows the pattern of these two zeros in the different phases. The
zero v, always lies outside the unit circle and v, lies inside the unit circle, so these are
ignored in figure 6.

)
N

h
.

Figure 6. The pattern of zeros v, and vy of det M (6, v, w, 2} in the complex v-plane for
one value of {w, z) in each of the six phases. Each thick grey line shows the band for one
of the zeros as @ is varied from 0 to =

D2

As usual (Nagle et al 1989), an O-type transition occurs when two bands of zeros
simultaneously touch the same point on the unit circle for one value of 8. In the

4-8/4/1 model this occurs when

ZZ

w=—, 6
> (6)
A K-type transition occurs when the end of one band of zeros touches the unit circle

for one value of . For the present model this occurs when

z(1~z)
TT2-z
or
W [(2* 442~ 1627 +8z + ) — (22— 22 +2)] (7)
4(2—1z)
or

W =m[22+2z+2i(z4—423—1622—824-4)”2].
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The first relation in (7) gives the locus of the reverse K-type transition between phases
12 and D2 and between I1 and D1. The second relation in (7) gives the locus of the
K-type transition from the C2 phase. The third relation in (7) gives the locus of the
K-type transition from the Ci phase. As usual, a phase is a striped incommensurate
phase if and only if a band of zeros crosses the unit circle as a function of 8. Figure
6 identifies the 11 and I2 phases as striped incommensurate phases for the 4-8/4/1
model.

The density of dimers of various types may be obtained by taking the appropriate
derivative of f=N""1In Z in (3), such as

d 1|7 z Ay
P zazf 4 T J-O dé |v(.1z<1 v, 9z @)

where the last equality results by performing the ¢ integration using residues. From
the energy per unit cell u=ep_+ 8p,,, the specific heat per unit cell ¢ can then be
abtained by an additional derivative with respect to T, c=du/dT.

4. Thermodynamic functions

From the analysis in the preceding section we have calculated various thermodynamic
functions which will be presented graphically in this section. Before presenting these
results, however, a discussion will be given of a very useful density, called p,, that
was not ebvious a priori.

The motivation for searching for a new density in addition to the obvious ones
corresponding to density of dimers on z, w or 1 type bonds, is to find a density that
varies only when the density of walls changes and not when local perturbations are
activated. In the case of the 4-8/2/1 model solved earlier (Nagle and Yokoi 1987),
this role was played by the linear combination p, = p, — p,, which counted the density
of light minus heavy walls. For the present 4-8/4/1 mode) there are also different
kinds of walls, but all linear combinations of p,, p,, and p, are coupled to the local
perturbations. A suitable p, density was found by considering all possible perturbations
to the activities (24 in number since the unit cell has 24 bonds). Many possibilities
were eliminated by requiring changes in the density to be zero for local perturbations
and non-zero for walls, The remaining possibilities all led to the same p,. This p, can
be calculated by including perturbation activity factors x or x~' to various bonds in
the unit cell in figure 2. The factor x is attached to diagonal bonds running in the
SE-NW direction and which cross either horizontal dashed unit cell line. The factor
x7" is attached to diagonal bonds running in the SW-NE direction and which cross
either horizontal dashed unit cell line. It may be verified that any local perturbation
does not change the power of x in the partition function, so it does not change p,.
The value of p, for the D1 ground state is zero, for the C1 ground state it is +1, and
for the C2 ground state it is —1. When an AB wall is introduced into the C1 ground
state, it reduces the value of Np, by —1, where N, is the number of unit cells in the
horizontal direction in the entire lattice; if all AB walls are formed from the C1 ground
state, one has the D1 ground state and g, =0. When either a BC or a DA wall is
infroduced into the C2 ground state, it increases the value of Nyp. by +1; if all BC
and DA walls are formed from the C2 ground state, one has the C1 ground state. For
this model CD walls always cost the highest free energy and do not play an active role.
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The p, density is one of the easiest thermodynamic functions to calculate because
x is always paired with » in det M, (x4, v, x, w, z). Therefore,

px =x(8f Jax) =i = v(af /av)| .2,
=2+”2J’ wde[ln det M(¢ = 27) —In det M(¢ =0)]. (9)

Since [Indet M(¢ =27) —Indet M( =0)] =27in( 8 w, z) where n(8, w, z) is the net
number of times det M(¢, 8, w, z) goes around the origin counterclockwise in the
complex v-plane, n is the number of zeros of det M minus the number of poles
(including two from the v * factor in (5)) inside the unit circle. From figure 6 it can
be seen that the number n(#, w, z) only changes in the striped incommensurate phases
11 and 12.

Figures 7-12 show the results for the specific heat C and the densities p,, p,, and
p. (pi=8—p.—p.), as a function of T for five different values of r. The specific heat
in figure 7 is similar to the specific heat for the 4-8/2/1 model (Nagle and Yokoi 1987)
with a K-transition followed by a reversed K-transition. For that 4-8/2/1 model the
function p,_, plays the same role as p, in the present 4-8/4/1 model. However, p,
varies from 1 in the C1 phase to 0 in the D1 phase whereas p,_,, was 0 in both the
low and high temperature phases for the 4-8/2/1 model. The specific heat in figure 8
has five singularities, although the amplitude of the O-type transition is very smali
compared with the amplitudes of the K-type transitions. The behaviour of p, shows
that there are three distinct non-incommensurate phases, C1, C2 and D1. Figure 9
shows the thermal behaviour for the re-entrant value rg; where a K-type and a reverse
K-type transition coalesce. The density functions exhibit discontinuous first derivatives,
but the amplitudes conspire to yield a continuous specific heat C with discontinuous
dC/dT. For larger r the O-type anomaly becomes more conspicuous as shown in figure
10 and the I1-D1 reverse K-type anomaly becomes weaker. Figure 11 suggests that

.........

arkgT

i I D1

5.8 6.9 T.0
kgTie

ey =]
~l

Figure 7. Results for the specific heat, ¢/ky7, and the dimer densities, p,, p., p,, as a
function of temperature for r= 1.8.
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Figure 8. Results for the specific heat, ¢/kyT, and the dimer densities, p,,p.,p, a5 a

function of temperature for r = 2.25.

kgTie

Figure 9. Results for the specific heat, ¢/kgT, and the dimer densities, p,,p.,p, as a

function of temperature for r=rge=2.279848 . ...

5. OK multicritical point

the specific heat anomaly at the OK multicritical point is O-type and the reverse K-type
anomaly has been suppressed, only to reappear again for r > roi as shown in figure 12.

From the figures in the preceding section it appears that the specific heat anomaly
near the multicritical point is symmetrical, similar to the specific heat of the O-type
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Figure 10. Results for the specific heat, ¢/kgT, and the dimer densities, p,, p., p, as a
function of temperature for r=2.8.
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Figure 11, Results for the specific beat, ¢/kgT, and the dimer densities, p., p., p,. 25 2
function of temperature for r=rgg =3.296 086 . ...

transition and that the amplitudes of the K-type singularities may become vanishingly
small. In this section an analysis will be performed to obtain the singular behaviour
of the specific heat for r = rok, similar to the extraction of the specific heat singularities
of the K-model and the SCD-model which were reviewed by Nagle er al (1989). This
analysis is illuminating in its own right and is important to confirm the results of the
numerical integrations that were required to obtain the graphs in the previous section.

It is approptiate to define two reduced temperatures; ¢, will be the reduced
temperature that goes to zero on the O-line of transitions and 1 will be the reduced
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Figure 12. Results for the specific heat, ¢/kgT, and the dimer densities, p,, p,, p,. as a
function of temperature for r=4.

temperature that goes to zero on the K-line of transitions that cross the O-line at the
OK multicritical point. The singular contribution, f;, comes from the small 8 and ¢
region of the integral in (3},

m
vy

[aal’
£ = AAa AAIn Aot Mi» w A AN
fi= 08 ddlndetM{zw6,¢)
o 4]
where £ is a small arbitrary cut-off, the sole effect of which is to ignore non-singular
contributions to the free energy. Likewise, to determine the leading singular behaviour
it is sufficient to consider only the most relevant terms in the function det M(z, w, &, &),
for small 8 and ¢. In the vicinity of the multicritical point the determinant is represented
by the asymptotic form, omitting higher-order terms,

det M= (1, 2+ 07+ )+ (1,9 )% (11)
When t, remains non-zero, this form for det M reduces to the O-type form,

det M= (24 67+ ¢%)., (12)
When t, remains non-zero, det M reduces to the K-type form,

det M= (t,+ 682+ ¢~ {13)
As the multicritical point is approached for r =rox, t,Xt,=1 and

det M=(+ 0>+ ¢y + 129> (14)

Details of the integration of (10) are given in the appendix. The results are, for 1, > 0,
- LU YR P
Js= _E fol LT 40 ) 0|l (1o}

and for £, <0,

o

Jo= -g 2(1+48) Int| + 278 Z 27022 (4n? 1), (16)
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The multicritical scaling function in (15) and (16) contains the critical behaviour
of the O-line as can be seen by taking £, # 0 and ¢, <C , obtaining both for ¢, > O and 1, < 0

fi~ =1 In|el. (17)

The K-line behaviour is also contained in (15) and (16) as seen by taking f,# 0 and
1, t; there is no singular behaviour for 1> 0 and for <0 the K-transition result

S~ 1t (18)

is recovered to lowest order. Finally, when the multicritical point is approached, t,oct
and t, o t, Then, for >0 (15) gives, to lowest order in ¢,

for =1 Injd] (19)
and for ¢<<0 (16) gives
fi~ =2 In|e|+ o2 (20)

Therefore, the specific heat at the OK multicritical point is dominated by a logarithmic
divergence, as suggested by numerical calculations, even though a weaker singular
term |t|"/* is present in the free energy for t<0.

It is interesting to consider the exact asymptotic scaling equation (15) and {16) in
the context of general multicritical scaling. First, it is useful to rewrite det M in (14) as

det M= [(1+(8%/ )+ (> )Y + (% 9] 21

where the contributions for small # come from the horizontal long wavelength
wavenumbers and the contributions for small ¢ come from the vertical long wavelength
wavenumbers. This strongly suggests that the horizontal § correlations scale as [£|™/?,
i.e. v, =3, and that the vertical ¢ correlations scale as t 2, i.e. v, = 2. Although these
values of » have not been calculated rigorously for the OK multicritical point, the
same analysis for the K-transition gives the values of », =3} and v, =1, and these were
obtained rigorously (Yokoi et al 1986). Also, the same analysis gives the well-known
values »,=1=1, for the O-type transition. Since anisotropic hyperscaling, 2—a =
v+ »,, also holds for the K-type and O-type transitions, it is reasonable to consider
its predicted value @ =3 for the OK multicritical point. This line of reasoning leads to
the following OK muiticriticai scaling form

Jom Y (0 13) ~ P YT (0] 1) (22)

where the value of the crossover exponent ¢ may usually be assumed to be one when
critical lines cross at non-zero angle. Supposing the scaling function were ¥ ~(x) =|x|*/*
and Y™ =0 in (22) very nicely reproduces {18} and the last term in (20). These are the
terms that are associated with walls and with anisotropic correlation functions.
However, to accommodate the O-type ¢~ In|| singularity requires adding |t,| ™% In|¢,|
to Y. This requires that the scaling function Y™*(x, y) be a function of y = 1, as well
as of x=1,/t,. If the additional term did not dominate Y for y - 0, then y would be
irrelevant and we would have the usual scaling behaviour with the scaling function
Y(x, 0). However, the second term in Y(x, y) evidently dominates for y - 0, and the
variable y cannot be ignored; it is in this respect a dangerous irrelevant variable (Fisher
1983).

The preceding discussion suggests that the correlation functions might be interesting
at the OK multicritical point. The dominant ¢* In|¢| singular thermal behaviour would
suggest v =1 whereas the above scaling analysis of detM yields »,=3 and »,=2.
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Perhaps there are two different sets of relevant carrelation lengths at the OK multicritical
point, corresponding to choice of different dimer-dimer pair correlations in the unit
cell. Perhaps one set of pair correlations has one of the sets of correlation lengths and
exponents and another set of pair correlations has the other.

In summarizing this section it may be worthwhile to state how the OK multicritical
point in this paper fits into the spectrum of multicritical points. Ordinary multicritical
points may be characterized as having critical exponents that have values different
from the critical exponents of the critical lines meeting at the multicritical point. A
trivial multicritical point may be characterized by two critical lines crossing, as in this
paper, but with the critical behaviour of neither line being affected by the crossing.
The OK multicritical point is neither ordinary nor trivial. The critical behaviour at the
OK point is dominated by the logarithmic singularity of the O-transition, so no new
exponents appear, unlike ordinary multicritical points. However, near the OK point
the K-transition is strongly damped by a factor of t2, so one of the transitions is
strongly affected by the crossing, unlike a trivial multicritical point.

Finally, it may be mentioned that the OK multicritical point is different from the
multicritical point found by Nienhuis e al (1984} and again by Nagle and Yokoi
(1987). That multicritical point, which is an O-transition when approached from certain
directions, lies at the intersection of two K-transition lines. Also, the sequence of
phases as one proceeds around the multicritical point is C-1C-C-IC, not the C-C-1C-
IC sequence for the OK multicritical point studied here.

6. Correspondence with the F-model in a quarter field

Baxter (1970) used dimer models on the 4-8 lattice to solve the six-vertex F-model in
a staggered field at one temperature. It is therefore appropriate to investigate what
vertex model corresponds to the present 4-8/4/1 dimer model. This investigation is
rewarding not only in illuminating additional richness in the F-model, but it also
reveals the underlying dimer model phase diagrams in a more symmetrical fashion.
The basic correspondence between the arrow/vertex configurations of the F-model
and the 4-8/4/1 dimer model is shown in figure 13 for sublattice A. The correspondence
onthe B, C and D sublattices is affected by two considerations. First, the correspondence
reverses the arrows on the B and D sublattices, thereby reversing the staggered field
S on vertices ws and wg. Second, the rotation of the locations of the low energy dimers
on the squares shown in figure 2 translates to a quarter field Q that couples to the
arrow configurations w;, i=1,...,4, The Q field points in the NW direction on the
A sublattice, the NE direction on the B sublattice, the SE direction on the C sublattice
and the SW direction on the D sublattice. The F-model vertices with peolarization along

— A

F-Energy Qe Qre Qe Qe +S
4-8/4/1 Energy € £ £+8 £+8 3-kTin2  2e

Figure 13. Correspondence between dimer configurations in the 4-8/4/1 model and arrow
configurations in the F-model for the A-sublattice. The arrow configuration wy corresponds
to two dimer configurations shown by black dimers and grey dimers, respectively.
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{opposite) these directions have energy £r— Q (e+ Q). The @ field contrasts with
direct fields V and H which point in the same direction on all sublattices.

Figure 13 also shows the energies of the 4-8/4/1 dimer model, which is a free
energy in the case of w; since this corresponds to two dimer configurations. The
partition functions are related by

Ze(S, Q; Ty =(2wz?) *NZ g0 (2, w; Tp) (23)

which effectively normalizes the ground states of the two models. Inclusion of the
factor (2wz?)™'/? results in the modified dimer activities w, = w,=(2w)™"2, w,=w,=
(w/2)'* and ws=1/we=(2w/z*)""*. Equating Boltzmann factors for the F-model for
w,w; yields

exp(=2eg/kTe} =% (24)

which is just the equation that determines the only value of T% for which the F-model
may be solved as a dimer problem. Since Tk is fixed, it is convenient to absorb a factor
of 1/kTg into the F-model fields S and Q. Then, equating the Boltzmann factors for
w,/ w; yields

2Q=6/kTo=r/{kTp/€) (25)
and equating the Boltzmann factor for w, vertices yields
28=(8-2¢)/kTp—In2. (26)

Other useful correspondences include the direct polarization P and the staggered
polarization Pg of the F-model,

Using the exact solution for the 4-8/4/1 dimer model in section 3 and the correspon-
dences in (25) and (26), it is straightforward to obtain the phase diagram shown in
figure 14 for the F-model in S and Q fields at the temperature Ty given by (24). This

2[ T
n D2 G2 p=ir2
P=0
1r=0 .-
0 0feen :
L - r=2
oo
oy
P=0
.2 1
0 1

Figure 14. Q-§ phase diagram for the F-model at one T. The solid lines are K-type
transitions and the bold dashed line at S = @ is the O-type line. The names of the correspond-
ing phases in the 4-8/4/1 mode] are indicated and the direct polarization P is shown for
those phases with constant p,. Three thermal trajectoties for the 4-8/4/1 dimer model are
shown in light dotted lines with the solid triangle showing Tp=0.
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phase diagram reveals the symmetries between the X1 and X2 phases, where X =C,
I or D, in figure 1. Also, the O-line in figure 1 is the $ =0 line in figure 14. Unlike the
K-type transitions involving walls, this is not a transparent quantity in the dimer
models. Therefore, this correspondence adds insight into the behaviour of the 4-8/4/1
dimer model.

Along the § =0 O-line the staggered susceptibility diverges, although the amplitude
of the logarithmic singularity grows smaller with increasing Q. This result is not
immediately obvious for the OK multicritical value Qo because the asymptotic form
for det M changes to

det M(8, ¢, w, 2} ~ (S*+ 8%+ ¢*) +(So)? (23)

which is different from both the O-type form in {12) and the QK multicritical form in
(14). However, a closely similar analysis to that in section 5 shows that the staggered
susceptibility continues to diverge logarithmically with S.

It is interesting to contrast the S-Q phase diagram in figure 14 with the phase
diagram for the F-model in an § field and a direct field. There are basically two distinct
types of direct field that may be considered. In Baxter’s {1970) notation V is a direct
field pointing in the NW direction for all sublattices for the polarized vertices in figure
13. (The 4-8/2/1 dimer model discussed by Nagle and Yokoi (1987) corresponds to
the F-model in a V field, as noted by Onody and Kurak (1988).) We will call the direct
field D if it points in the N (vertical) direction in figure 13; in Baxter’s notation this
is V = H. Figure 15 shows both the 5-V and S§-D phase diagrams. As pointed out by
Baxter {1970), the V field is special in that there is no perfectly ordered high field
phase. However, the particular feature of interest in comparing with figure 14 is common
to both types of direct field, namely, the O-type transition occurs only at the origin in
figure 15. The application of any direct field removes the O-type transition and replaces
it with K-type transitions.

In contrast to figure 15 the O-type transition in figure 14 persists for all non-zero
values of the field @ and the K-type transitions are either prevented from crossing the
Q-axis or do so with zero amplitude at the OK multicritical point. Another way to

STAGGERED FIELD S

DIRECT FIELD (V or D)

Figure 15. Phase diagram for the F-model at one temperature in staggered field S and
direct field 2 (solid lines) and V (dashed lines) with values of direct polarization P
indicated. Each dotted line corresponds to 0 < T, < oo for a fixed set of energies in a dimer
model, such as the 4-8/2/1 model. The solid triangle shows T, = 0.
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describe the phenomena is first to note that reversal of the staggered § field is associated
with the O-type transition whereas K-type transitions seem to require either direct or
quarter fields. In these terms the phase diagram in figure 15 suggests that the direct
field dominates the staggered field whereas the phase diagram in figure 14 suggests
that the staggered field dominates the quarter field. It may be of interest in future work
to determine the phase behaviour when all three fields are applied.
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Appendix. Details of OK scaling form analysis
To determine the asymptotic behaviour of the free energy starting from {(10) and (11),

it is convenient to use polar coordinates for the integrations, first defining r and
from r*=8°+ ¢* and ¢ = rsin @ and then using x =r". Then (11) becomes

det M= (1, 2+ x)*+ x(¢t, sin a)*. (29)
Instead of working directly with (10} it is easier first to analyse the derivatives
3 % /2 1 9
wh=—Ff.= d d —det M 30
3fif .l‘o xL adetM a; (30)
where 1 is 0 or k and
d o
a—tdetM=2tf,(tktf,+x) gdetM=2[detM+(tir;‘,—x2)]/to. (31)
X o
Using {31) the « integration was carried out in (30). It involves
/2
j da/det M= 7/2X'2Y (32)
0
where
Y ={x+ 1} and X =x*+1220+Dx+ ;12

with the results

u, = wit J ’ sign(f 2+ x)X ™" dx (33)
{

il
and
+ x)M 2. 2o XV dy (34
MRt —x)Xx Jax {34)

Then, the x integration was carried out in (33) and (34), using the following identities,

L= x=[rA1+48)—(dX/dx)]/2 (35)
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and

J XV dx=1n[2X "+ 2x+ 1221, +1)]= F(x). (36)
For t,> 0 this gives

u, = m [ F(x,)— F(0)] (37)
anda

o ={(1+48)u, /21, + 7{x. — X (x,)2+ X (V)] 1. (38)

For £, <0 the results are

o= w2 F(x,)+ F(0) - 2F(}1,|12)] (39)
and

u, = (1+46)u /21,4 7[x, — X (x,)2 = X (0)7+2X(|,12)*1/ 1,.  (40)

The contributions from F(x,), X(x,)"? and X(0)"/*=|tt2| are regular and will be
ignored. The remaining singular contributions are, for 1,0,

U= =27t In|t,|

(41)
u, = —mit,(1+41.) In|t,|
and for ¢, <0, are
u,=—2mtl Inft,|— w2 T 2°"e, |V (2n—1)
n=1
(42}

U, = —mi{1+48) Injt|+ w1, ¥ 22" |27 D21 (4 — 1),
m=1

The above results may then be integrated to obtain the results for the leading singular
parts of f; given in (15} and (16} in the text.
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